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ON PSEUDOPOINTS OF ALGEBRAIC CURVES
REZA R. FARASHAHI AND IGOR E. SHPARLINSKI
Abstract. Following Kraitchik and Lehmer, we say that a posi-
tive integer n ≡ 1 (mod 8) is an x-pseudosquare if it is a quadratic
residue for each odd prime p ≤ x, yet is not a square. We extend
this defintion to algebraic curves and say that n is an x-pseudopoint
of a curve f(u, v) = 0 (where f ∈ Z[U, V ]) if for all sufficiently large
primes p ≤ x the congruence f(n,m) ≡ 0 (mod p) is satisfied for
some m.
We use the Bombieri bound of exponential sums along a curve to
estimate the smallest x-pseudopoint, which shows the limitations
of the modular approach to searching for points on curves.
1. Introduction
Following Lehmer in [9], given a real x ≥ 1, we say that a nonsquare
positive integer n is an x-pseudosquare if n ≡ 1 (mod 8) and (n/p) = 1
for each odd prime p ≤ x, see also [13, 15, 16, 17] for further results.
Here we generalise this notion and introduce and study x-pseudopoints
on algebraic curves.
More precisely, given an absolutely irreducible polynomial f(U, V ) ∈
Z[U, V ] and an integer q ≥ 1 we denote
(1) Zf (q) = {(n,m) : 0 ≤ n,m < q, f(n,m) ≡ 0 (mod q)}.
Then, we define Pf as the set of primes p for which Zf (p) is not
empty. We note that an absolutely irreducible polynomial f remains
absolutely irreducible modulo all sufficiently large prime numbers p by
Ostrowski [11]. Therefore, by the Weil bound, see [10, Section VIII.5,
Bound (5.7)], we conclude that Pf contains all sufficiently large primes.
In particular, for
Mf (x) =
∏
p∈Pf (x)
p
by the prime number theorem, we have
(2) Mf (x) = exp((1 + o(1))x).
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Furthermore for a real x ≥ 1, we denote by Pf(x) = Pf ∩ [2, x] and
say that an integer n ≥ 0 is an x-pseudopoint of f if for all p ∈ Pf (x)
we have (n,m) ∈ Zf (p) for some m, but the equation f(n,m) = 0 has
no integer solution m ∈ Z. We note that Bernstein [2] has introduced
and studied this notion in the case of the polynomials of the form
f(U, V ) = g(U)− V 2.
Clearly, apart of the congruence condition n ≡ 1 (mod 8) and the
coprimality condition gcd(n, p) = 1 for primes p ≤ x, the polynomial
f(U, V ) = U − V 2 corresponds to the case of x-pseudosquares.
It is easy to show that for any absolutely irreducible polynomial
f(U, V ) ∈ Z[U, V ] nonlinear in V , that is, degV f ≥ 2, the smallest
x-pseudopoint Nf (x) satisfies the bound
(3) Nf (x) = O(Mf(x)) = exp((1 + o(1))x).
Clearly the condition of nonlinearity in V is necessary (for example,
the polynomial f(U, V ) = U2 − V does not have any pseudopoints).
Indeed, the bound (3) can be derived from the Chinese remainder-
ing theorem combined with the Weil bound (see [10, Section VIII.5,
Bound (5.7)]), and also the bound of Bombieri and Pila [12] on the
number of integer points on plane curves.
Here we use the Bombieri bound [3] to improve (3).
Theorem 1. For any absolutely irreducible polynomial
f(U, V ) ∈ Z[U, V ]
that is nonlinear in V , that is,
degV f ≥ 2,
we have
Nf(x) ≤Mf (x)
1/2+o(1).
The bound of Theorem 1 is an analogues of similar, albeit stronger,
estimates for pseudosquares, see [13, 15]. Besides it shows the limita-
tions of the modular approach to searching for points on curves. In-
deed, assuming that Pf consists of all primes (otherwise the equation
f(n,m) = 0 has no integer solutions), we see that there is a reason-
ably small point which is a solution to the corresponding congruence
modulo all small primes but is not a solution to the equation.
2. Preparations
We need some background on exponential sums and congruences.
For an integer q and a complex z, we denote
eq(z) = exp(2piiz/q)
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and recall the identity
(4)
1
q
∑
−q/2<a≤q/2
eq(an) =
{
1, if n ≡ 0 (mod q),
0, if n 6≡ 0 (mod q),
which follows from the formula for the sum of geometric progression.
We also need the following bound
(5)
N∑
n=1
eq(an) = O (min{N, q/|a|}) ,
which holds for any integers a and N ≥ 1 with 0 < |a| ≤ q/2, see [7,
Bound (8.6)].
Our main tool is the following special case of the Bombieri bound [3,
Theorem 6] of exponential sums along a curve.
Lemma 2. Assume that for a prime p, a polynomial f(U, V ) ∈ Z[U, V ]
is such that its reduction modulo p does not have a factor of the form
U−α with some α ∈ Fp. Then uniformly over a ∈ Z with gcd(a, p) = 1∑
(u,v)∈Zf (p)
ep(au) = O(p
1/2),
where the implied constant depends only on deg f .
Finally, we need the following consequence of the Chinese remainder
theorem (see also [7, Equation (12.21)] for a very similar statement).
Lemma 3. For any polynomial
f(U, V ) ∈ Z[U, V ],
we have ∑
(u,v)∈Zf (Mf (x))
eMf (x)(au) =
∏
p∈Pf (x)
∑
(u,v)∈Zf (p)
ep(au).
Proof. Let Zm denote the residue ring modulo m. From the Chinese
remainder theorem, there is a bijection
(6) ZMf (x) ≃
⊗
p∈Pf (x)
Zp
by u 7→ (up)p∈Pf (x). On the other hand, every tuple (up)p∈Pf (x) corre-
sponded to the unique element
u =
∑
p∈Pf (x)
Mf (x)
p
up ∈ ZMf (x).
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Then,
eMf (x)(au) =
∏
p∈Pf (x)
ep(aup).
Moreover, in a natural way (6) yields a bijection between the points
(u, v) in Zf(Mf (x)) and the tuples of points
((up, vp))p∈Pf (x) ∈
⊗
p∈Pf (x)
Zf(p).
Therefore, ∑
(u,v)∈Zf (Mf (x))
eMf (x)(au) =
∑
((up,vp))p∈Pf (x)
(up,vp)∈Zf (p)
∏
p∈Pf (x)
ep(aup)
=
∏
p∈Pf (x)
∑
(u,v)∈Zf (p)
ep(au),
which completes the proof. ⊓⊔
Lemma 4. For any absolutely irreducible polynomial
f(U, V ) ∈ Z[U, V ],
there is a constant c > 0, depending only on f such that∏
p∈Pf (x)
(p+ cp1/2) ≥ #Zf(Mf (x)) ≥
∏
p∈Pf (x)
max{1, p− cp1/2}.
Proof. By the Chinese remaindering theorem we have a bijection be-
tween points of Zf (Mf (x)) and tuples of points in
∏
p∈Pf (x)
Zf (p), see
the proof of Lemma 3. Therefore,
#Zf(Mf (x)) =
∏
p∈Pf (x)
#Zf(p).
As we have noted, the polynomial f remains absolutely irreducible
modulo all sufficiently large prime numbers p by Ostrowski [11]. Let
cf be the least integer such that f is absolutely irreducible over Zp for
all prime numbers p ≥ cf (for explicit bounds on cf see for example [6,
14, 18]). If f is absolutely irreducible over Zp, and p ≥ cf then from
the Weil bound we have
(7) #Zf (p) = p+O(p
1/2),
see [10, Section VIII.5, Bound (5.7)]. Furthermore, allowing the implied
constant in (7) to depend of f , we see that (7) trivially holds for all
primes p. By definition, for all p ∈ Pf (x) we have #Zf (p) ≥ 1, which
completes the proof. ⊓⊔
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Corollary 5. For any absolutely irreducible polynomial
f(U, V ) ∈ Z[U, V ],
we have
#Zf (Mf (x)) =Mf (x)
1+o(1).
Proof. Since
p exp(c0p
−1/2) ≥ p+ cp1/2 ≥ max{1, p− cp1/2}
≥ p exp(−c0p
−1/2)
for an appropriate constant c0 ≥ 0, we have
#Zf (Mf (x)) = Mf (x) exp
(
O
(∑
p≤x
p−1/2
))
= Mf (x) exp
(
O(x1/2/ log x)
)
,
which together with (2) implies the result ⊓⊔
Finally we need the following estimate on the number of points
on a curve with a restricted coordinate which follows from a result
of Pila [12] that in turn slightly improves the previous estimate of
Bombieri and Pila [4].
Lemma 6. For any absolutely irreducible polynomial
f(U, V ) ∈ Z[U, V ]
nonlinear in V that is,
degV f ≥ 2
the equation
f(n,m) = 0, 0 ≤ n < N, m ∈ Z,
has at most O(N1/2+o(1)) solutions.
Proof. Let d = deg f . Since degV f ≥ 2 we see that for any solu-
tion to the above equation we have m = O(nd/2) = O(Nd/2). Recall-
ing that by [12], an absolutely irreducible polynomial of degree d has
O(T 1/d+o(1)) solutions in a box [0, T ] × [0, T ] (where the implied con-
stants depend only on d), we derive the result. ⊓⊔
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3. Proof of Theorem 1
Let Tf (N ; x) be the number of solutions (n,m) to the congruence
(8) f(n,m) ≡ 0 (mod Mf(x)), 0 ≤ n < N, 0 ≤ m < Mf (x).
Using (4), we write
Tf(N ; x) =
∑
(n,m)∈Zf (Mf (x))
N−1∑
k=0
1
Mf (x)∑
−Mf (x)/2<a≤Mf (x)/2
eMf (x)(a(n− k))
=
1
Mf (x)
∑
−Mf (x)/2<a≤Mf (x)/2∑
(n,m)∈Zf (Mf (x))
eMf (x)(an)
N−1∑
k=0
eMf (x)(−ak).
Separating the term corresponding to a = 0, and recalling (5), we
obtain
(9) Tf(N ; x)−
N
Mf(x)
#Zf(Mf (x)) = O (Rf (N ; x)) ,
where, as before, Zf (q) is defined by (1) and
Rf(N ; x) =
∑
0<|a|≤Mf (x)/2
1
|a|
∣∣∣∣∣∣
∑
(n,m)∈Zf (Mf (x))
eMf (x)(an)
∣∣∣∣∣∣ .
To estimate Rf (N ; x), for every d | Mf (x), we collect together the
values of a with the same value gcd(a,Mf(x)) = d and write them as
a = db, getting
Rf (N ; x) =
∑
d|Mf (x)
1
d
∑
0<|b|≤Mf (x)/2d
gcd(b,Mf (x)/d)=1
1
|b|
∣∣∣∣∣∣
∑
(n,m)∈Zf (Mf (x))
eMf (x)(dbn)
∣∣∣∣∣∣ .
Recalling Lemma 3 and then estimating the corresponding exponen-
tial sums via Lemma 2 for p ∤ d (and using the trivial bound #Zf (p)
for p | d), we deduce∣∣∣∣∣∣
∑
(n,m)∈Zf (Mf (x))
eMf (x)(dbn)
∣∣∣∣∣∣ ≤ Cpi(x)(Mf (x)/d)1/2d = Cpi(x)(Mf (x)d)1/2,
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where C is the implied constant of Lemma 2 and, as usual, pi(x) is the
number of primes p ≤ x. Therefore, using (2)
Rf(N ; x) ≤ C
pi(x)
∑
d|Mf (x)
1
d
∑
0<|b|≤Mf (x)/2d
gcd(b,Mf (x)/d)=1
(Mf (x)d)
1/2
|b|
= Cpi(x)Mf (x)
1/2
∑
d|Mf (x)
1
d1/2
∑
0<|b|≤Mf (x)/2d
gcd(b,Mf (x)/d)=1
1
|b|
= O
(
(2C)pi(x)Mf (x)
1/2 logMf (x)
)
= O
(
Mf (x)
1/2+o(1)
)
,
as trivially ∑
d|Mf (x)
1
d1/2
≤
∑
d|Mf (x)
1 ≤ 2pi(x).
Thus, we see from (9) that∣∣∣∣Tf(N ; x)− NMf (x)#Zf (Mf (x))
∣∣∣∣ ≤Mf (x)1/2+o(1).
Furthermore, by Corollary 5 we see that for any fixed ε > 0, taking
N =
⌈
Mf (x)
1/2+ε
⌉
we obtain
Tf (N ; x) = N
1+o(1).
By the Chinese remaindering theorem we see that for every fixed n
there are no more that dpi(x) solutions m to the congruence f(n,m) ≡ 0
(mod Mf(x)), 0 ≤ m < Mf (x). Thus we have at least
Tf (N ; x)d
−pi(x) = Tf(N ; x)Mf (x)
o(1) = N1+o(1).
values of n for which the congruence f(n,m) ≡ 0 (mod Mf(x)), has
a solution. Using Lemma 6 we see that there is a solution (n,m)
to (8) with f(n,m) 6= 0. Since ε is arbitrary. Since ε is arbitrary, this
concludes the proof.
4. Comments
It is easy to see that all implicit constants in our estimates can be
efficiently evaluated. For example, see [6, 14, 18] for explicit versions
of the Ostrowski theorem.
We remark that besides pseudosquares, in a number of works [1, 5, 8]
the notion of pseudopowers has been studied. Namely, following Bach,
Lukes, Shallit and Williams [1], we say that an integer n > 0 is an
x-pseudopower to base g (for a given integer g with |g| ≥ 2) if n is not
a power of g over the integers but is a power of g modulo all primes
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p ≤ x, that is, if for all primes p ≤ x there exists an integer kp ≥ 0
such that n ≡ gkp (mod p).
The notion of pseudopowers naturally extends to elliptic curves.
More precisely, given an elliptic curve E over Q and a rational point
P ∈ E(Q) we say that Q is an x-pseudomultiple of P if for every prime
p ≤ x at which E has good reduction, there is an integer kp ≥ 0 so
that Q ≡ kpP (mod p) but Q is not of the form Q = kP + T for some
integer k and some torsion point T . Clearly E has to be of rank at least
2 for x-pseudomultiple to exist. Obtaining upper bounds on the canon-
ical height of the smallest pseudopowers is a natural and challenging
questions.
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